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3.10.1 Vector Equations of Lines

Equation of aLinein Vector Form
How do I find the vector equation of aline?

= The formula for finding the vector equation of alineis
- r=a+ b
= Whereristhe position vector of any point onthe line
= aisthe position vector of a known pointontheline
= bisadirection (displacement)vector

» Aisascalar
= Thisisgivenin the formula booklet
= This equation canbe used forvectorsinboth 2-and 3- dimensions
= This formulais similar to aregular equation of a straight line in the form y = mx + ¢ but with a vector
to show both a point on the line and the direction (or gradient) of the line
= |n2D the gradient can be found from the direction vector
= |n 3D anumerical value for the direction cannot be found, it is given as a vector
= Asacouldbe the position vector of any point on the line and b could be any scalar multiple of the
direction vector there are infinite vector equations for a single line
= Givenany two points on aline with position vectors a and b the displacement vector can be written as
b-a
= Sotheformular=a+A(b-a)canbeusedto find the vector equation of the line
= Thisis not giveninthe formula booklet

How do I determine whether a pointliesonaline?

a1 bl cl
= Giventheequationofaliner = +1 the point ¢ with position vector ison
a c
2 2 2
33 b3 c3
the line if there exists a value of Asuch that
c1 a1 bl
[ ] = +)‘
c2 a2 b2
03 a3 b3

= This means that there exists a single value of Athat satisfies the three equations:

n == +
¢ = a /1b1

- C,= 32+/lb2

n == +
c,= a, /1b3
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= AGDC canbeusedto solve this system of linear equations for ,

= Thepointonlylies onthelineif a single value of A exists for all three equations

Your notes
= Solve one of the equations first to find a value of Athat satisfies the first equation and then check that

this value also satisfies the other two equations

= Ifthe value of A does not satisfy all three equations, then the point c does notlie on theline

O Examiner Tip

= Remember that the vector equation of a line can take many different forms
= This means that the answer you derive might look different from the answerin a mark scheme

= Youcanchoose whetherto write your vector equations of lines using unit vectors or as column
vectors

= Use the form that you prefer, however column vectorsis generally easier to work with
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@ Worked example

a) Find avector equation of a straight line through the points with position vectors a = 4i- 5kand b
=3i-3k
Use the position vectors o £ind the displocement veckor
bekween thwem.
(A 3 b4 -\
OA = (o ,5?'5:3 - »"TB=(0)—(0)=(0>
-5 = =3 ] z
Vector equation of a line r=a+.b
esition vector osition vector
¥ of Point o ¥ of poinkt b
) e ) N | R )
-5 Zz -3 z
K diceckion K diceckion
veckor veckor
4 -1
vy =(0o]+A|o
= <
b) Determine whether the point C with coordinate (2, O, -1) lies on this line.

=l
of A such thwaok

(&)@ )

From the ’_‘1;‘ cnf\r\?enq‘n_t H LI' - l = 92 @

2
Let ¢ =(0> , then clheck ko see f there exiskts o value

From the :i‘ component 1 0 +OXL =0 @(/-) Works {or oll A

from the kK companenk : =S +2nh=-1| @
O = 2=2 suw wo @ = _54+(2x2)=-5+k =1y

Point C Lies on the \ine
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Equation of a Line in Parametric Form
How do | find the vector equation of aline in parametric form?

= By considering the three separate components of avectorin the x, y and zdirectionsitis possible to
write the vector equation of a line as three separate equations

X
= letting = then I'= @+ Abbecomes

= Where is apositionvectorand is adirectionvector

Yo m

n
%9
= Thisvectorequation canthenbe splitintoits three separate component forms:

- x=x,t A
= y=y,t Am
= z= z,t An

= These are givenin the formula booklet
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@ Worked example A/

Your notes
Write the parametric form of the equation of the line which passes through the point (-2, 1, O) with
S 3
directionvector
-4
Parametric form of the x=x,+Al, y=y,+dm, z=z,+dn

equation of a line

Use T =a +2b  to wrike bre equakion (n veckor form Fiest:

~-®)-(0)+0)

PM;-,_;QC\ R diceckion veckoc
veckor of
o poink

Se_?arnke the components unto their 9 se?aro&e_ QOL\.\O\E\'O\'\S.

X ==L eB)
Y=l =
z2=-4kA
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Equation of aLine in Cartesian Form

= The Cartesian equation of aline can be found from the vector equation of aline by
= Finding the vector equation of the line in parametric form

= Eliminating A fromthe parametric equations
= A canbe eliminated by making it the subject of each of the parametric equations

X_XO

1
In 2D the cartesian equation of aline is a regular equation of a straight line simply givenin the form
= y=mx+c
= ax+by+d=0
Y=Y, X=X,
] = by rearranging Y-y, = m(X - Xl)
T X
= |n 3D the cartesian equation of aline also includes zand is givenin the form
X=X, Y=Y, ~ z= Zz,

= Forexample: X = X0+ A gives A=

1 m n
X
X 0
= where = +1
Yo m
z n
Z

= Thisisgivenin the formula booklet
= |fone of yourvariables does not depend on A then this part can be written as a separate equation

X— X VA
Forexample: m y yo gives 7 n y Y yO

How do | find the vector equation of aline given the Cartesian form?

= |fyouare given the Cartesian equation of alinein the form
X=X, Y=Y _ z= 2z,

I m n
= Avectorequation of the line can be found by

= STEPT: Set each part of the equation equal tolindividually

= STEP 2: Rearrange each of these three equations (or two if working in 2D) to make x, y, and z the
subjects

= This will give you the three parametric equations
- x=x,t M

= Y=Y, t Am

. Z= ZO+ An

Page 7 of 22

© 2015-2024 Save My Exams, Ltd. - Revision Notes, Topic Questions, Past Papers

4

Your notes


https://www.savemyexams.com/?utm_source=pdf
https://www.savemyexams.com/

1, SaveMyExams

Head to www.savemyexams.com for more awesome resources

X
b'e 0 1 ,
= STEP 3: Write this in the vector form = +1
Y m Your notes
z n
Zo
X
= STEP4:Setr toequal
Y
z

= |f one part of the cartesian equationis given separately and is notin terms of A thenthe corresponding
componentinthe direction vectoris equal to zero

@ Worked example

1 4
Aline hasthevectorequationr = | 0 |+ A| —2 |.Findthe Cartesian equation of the line.
2 1
Cartesian equations of a X=Xy Y=Yy 2—2
line L m

Beﬁ'\n b‘j wr}Unﬁ the eq(unk:iov\ of the Line in po\rame_\‘rs'c‘_ forem:

RENCROIEE R
z

]

=2+A @
R.eo\rranse_ eoch eguokion Yo yoke A the Su\o'jec.‘: :
oc - |
A=
@ -2
@ R 7

Sek eoch expression Ror A envuokk to each other:

A =\ = Y = Z -2
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3.10.2 Applications to Kinematics

Kinematics using Vectors
How are vectors related to kinematics?

= Vectors are oftenusedin questionsin the context of forces, acceleration orvelocity
= |fanobjectis movingin one dimension thenits velocity, displacement and time are related using the
formulas=vt
= where sisdisplacement, vis velocity and tis the time taken
= |f an objectis moving in more than one dimension then vectors are needed to represent its velocity
and displacement
= Whilst time is a scalar quantity, displacement and velocity are both vector quantities
= Foranobject moving at a constant speed in a straight line its velocity, displacement and time can be
related using the vector equation of aline
» r=a+Ab
= Letting
= rbethe position of the object at the time, t
= abe the positionvector, rgatthe start(t=0)
. lrepresentthetime,t
= b bethe velocity vector, v
= Thenthe position of the object at the time, t can be given by
= r=ro+tv
= The speed of the object will be the magnitude of the velocity |v |

O Examiner Tip

= Kinematics questions can have alot of informationin, read them carefully and pick out the parts
that are essential to the question

= | ook out forwhere variables used are the same and/or different within vector equations, you will
need to use different techniques to find these
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@ Worked example ,

Your notes
Acar, moving at constant speed, takes 2 minutes to drive in a straight line from point A (-4, 3) to point B

(6,-5).

Attime t,in minutes, the position vector (p) of the car relative to the origin can be givenin the form

p=a+tb

Find the vectorsaandb.

Vector o fepresents the initial position and vector
bre.wes,enhs the direcktion veckor pec minuke.

Position veckor Cﬁ - ('_%‘)
At = Omnutes, p =0 So O =0h= ‘g)

Posibion vector OB = (—ETS)
At t= Z minubes, bthe car is ok the point B and so 08 - o +2b

(-5) = (%) + 20
Diceckion veckoe b = (_65)_(_;) =Cso)

o-(f) &-(3)
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3.10.3 Pairs of Lines in 3D

Coincident, Parallel, Intersecting & Skew Lines
How do I tell if two lines are parallel?

= Twolines are parallelif, and only if, their direction vectors are parallel
= This means the direction vectors will be scalar multiples of each other

2 2 1 -1
= Forexample, the lineswhose equationsarer=| 1 +/11 0 |andr=| -1 +//L2 0
-7 -8 5 4
are parallel
2 -1
= Thisisbecause| 0 |=-2[ 0
-8 4

How do | tell if two lines are coincident?

= Coincidentlines are two lines that lie directly on top of each other
= They areindistinguishable from each other

= Two parallellines will either never intersect or they are coincident (identical)
= Sometimes the vector equations of the lines may look different

1 -4
= forexample, thelinesrepresented by the equations T = ( +s and
\-8) 8
-3 1
r= + 1 are coincident,
0 -2
= Tocheckwhethertwo lines are coincident:
= Firstcheckthat they are parallel

—4 1
= Theyarebecause ( 2 ) = —4( ) ) and so their direction vectors are parallel

= Next, determine whether any point on one of the lines also lies on the other

1 1 -3 1
] is the position vector of a point on the first line and = +4
-8 -8 0 -2

soitalsolies onthe secondline
= |f two parallel lines share any point, then they share all points and are coincident

What are skew lines?

= Linesthat are not parallel and which do notintersect are called skew lines
= Thisisonly possible in 3-dimensions
How do | determine whether lines in 3 dimensions are parallel, skew, or intersecting?
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= First,look to see if the direction vectors are parallel: ,
= if the direction vectors are parallel, then the lines are parallel
= if the direction vectors are not parallel, the lines are not parallel Your notes

= |fthelines are parallel, check to seeif the lines are coincident:
= [fthey share any point, then they are coincident
= |f any pointonone line is not on the otherline, then the lines are not coincident
= |fthelines are not parallel, check whether they intersect:
= STEP1: Set the vector equations of the two lines equal to each other with different variables
= e.g.Aandp, forthe parameters
= STEP 2: Write the three separate equations for thei, j, and k componentsinterms of Aand p
= STEP 3: Solve two of the equations to find a value forAand p
= STEP 4: Check whether the values of A and p you have found satisfy the third equation
= |fallthree equations are satisfied, then the linesintersect
= [f notall three equations are satisfied, then the lines are skew

How do I find the point of intersection of two lines?

= |f apairoflines are not parallel and do intersect, a unique point of intersection can be found
= |[fthetwolinesintersect, there will be a single point that willlie on bothlines
= Follow the steps above to find the values of A and p that satisfy all three equations
= STEP 5: Substitute either the value of A or the value of pinto one of the vector equations to find the
position vector of the point where the lines intersect
= [|tisalwaysagoodideatocheckinthe otherequations as well, you should get the same point for
eachline

O Examiner Tip

= Make sure that you use different letters, e.g. A and ML, torepresent the parametersin vector
equations of different lines
= Checkthat the variable you are using has not already been used in the question
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@ Worked example

Determine whether the following pair of lines are parallel, intersect, or are skew.

r=4i+3j+s(5i+2j+3k)andr=—5i+4j+ k+ (2i—j).

STEP I: Check to see if the lines are parallel:

B0 B

direckion veckocs
The Lines ace nok pacallel because there is vo

value of k such thot /s 2
(3) = <)
(o]

STEP 2: Check to see if the lines inkerseck :

4+5r =-5+2 (O Set up bwee equations

3428 =4-pm @  for each of the §,} and
Sh=1 ® k components.

Eguation @7 M=% Sy into @ 3 +2E) = b-p

Xy

|

o -g

1
3

Suv inko @ i &8 5(_135')= -5 +1(]€)

I'—:T- # _%3‘ contradiction

There \S no point of intersection.

The Lines are Skew
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Angle Between Two Lines
How do we find the angle between two lines?

= Theangle betweentwo linesis equal to the angle between their direction vectors

= |t canbe found using the scalar product of their direction vectors
Giventwolinesinthe form = al + /ﬂtb1 and I'= 32 + lbz use the formula

b b,

|| ——
121l 2|

If you are given the equations of the lines in a different form or two points on aline you will need to find
their direction vectors first
To find the angle ABC the vectors BA and BC would be used, both starting from the point B
The intersection of two lines will always create two angles, an acute one and an obtuse one

= Thesetwo angles willadd to180°

= Youmay need to subtract your answer from 180° to find the angle you are looking for

= Apositive scalar product will result in the acute angle and a negative scalar product will result in

the obtuse angle
= Using the absolute value of the scalar product will always result in the acute angle

s O=cos”

O Examiner Tip

= |nyourexamread the question carefully to see if you need to find the acute or obtuse angle
= Whenrevising, getinto the practice of double checking at the end of a question whetheryour
angleis acute or obtuse and whether this fits the question
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@ Worked example

Find the acute angle, inradians between the two lines defined by the equations:

2 1 1 -3
I a=| 0 [+4 —4 |endL: b=| -4 |+ul 2
3 -3 3 5

STEP 1: find the scalor product of the dicection veckors:

! -3
-4 ) 2) =(1x-3) + (-4x2) +(3x5) =-3+(-8)+(-15) = -2b
negotive, so tbhe angle willl

be bthe obtuse ongle.

STep 2: Find the maSﬂLEudes of Une direction veckors:
JO + Gyt + D =26 Je (2 + (5 =J38

: . ugws Hg a\gsolub?_
STEP 3: find the W“g\f—" cos® _ﬂ volue will result

V26 /38 in the acure ongle.

i 26
@ = cos )

J26 /33

0=059% vodians (3s¢)
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3.10.4 Shortest Distances with Lines

Shortest Distance Between a Point and aLine
How do | find the shortest distance from a point to aline?

= The shortestdistance from any point to aline will always be the perpendicular distance
= Givenalinel withequationT = a+\b and apointPnoton/
= The scalar product of the direction vector, b, and the vectorin the direction of the shortest
distance will be zero
= The shortest distance can be found using the following steps:

= STEPT: Let the vector equation of the line be rand the point not on the line be P, then the point on

theline closest to P will be the point F
= The point Fis sometimes called the foot of the perpendicular
= STEP 2: Sketch adiagram showing the line land the points Pand F
—

= The vector P will be perpendicular to the line |
= STEP 3: Use the equation of the line to find the position vector of the point F in terms of A

—
= STEP 4: Use this to find the displacement vector FFPinterms of A

—
= STEP 5: The scalar product of the direction vector of the line | and the displacement vector FP will

be zero
—
= Formanequation FP-b=0 andsolve to ind A

— —
= STEP 6: Substitute Ainto F/P and find the magnitude |FP|

—>
* The shortest distance from the point to the line will be the magnitude of FP

= Note that the shortest distance between the point and the line is sometimes referred to as the length

of the perpendicular
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Your notes

4
\lP

SHORTEST S
DISTANCE

SOMETIMES CALLED THE FOOT
OF THE PERPENDICULAR

How do we use the vector product to find the shortest distance from a pointto aline?

= Thevectorproduct canbe usedto find the shortest distance from any pointto alineona2-
dimensional plane
= Givenapoint,P,andaliner=a+Ab

|Xf°x b|
5]

= Theshortestdistance from P to the line will be

= WhereAisapointontheline
= Thisisnot giveninthe formula booklet

O Examiner Tip

= Columnvectors can be easier and clearer to work with when dealing with scalar products.
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@ Worked example

2 0
Point A has coordinates (1,2, 0) and theline I has equationT = 01+Al1
6 2

Point Blies onthe I such that [AB] is perpendicularto /.

Find the shortest distance from A to the line /.

Bis on L so con be wrntten ia beems of A:

-+ 2 o 2
=(0 A =( A
oB (6) + <|2> (64-22,) A(, 2,0
— < |
AB = A = 'y
ERg

)
AB is perpendicdar to A A_I§<,:2>=O

(+:2)(5) -0

2,-2+?_(6+2x.)-o

S2+10=0
A=-2

Substitwte back ko A_.é ond find the mmgwihde:

AB - (s:zzlz.?i)) =<-If>
| = [irecarez = [

Shortest distance = J2I units
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Shortest Distance Between Two Lines ,
How do we find the shortest distance between two parallel lines? Your notes

= Two parallel lines will neverintersect
= The shortest distance between two parallel lines will be the perpendicular distance between them

= Givenaline l1 withequationr =a, + /ldland aline ]2 withequationT = a, + ,udz then the shortest
distance between them can be found using the following steps:
= STEP1: Find the vectorbetween a,1 and a general coordinate from ]2 interms of y
= STEP 2: Set the scalar product of the vector found in STEP 1and the direction vector d1 equalto

zero
= Remember the direction vectors d1 and d2 are scalar multiples of each other and so either
canbeusedhere
= STEP 3: Form and solve an equation to find the value of
= STEP 4: Substitute the value of  backinto the equation for ]2 to find the coordinate on 12 closest

to 11
= STEP 5: Find the distance between a1 and the coordinate foundin STEP 4
—
|AB X d|
= Alternatively, the formula T canbeused

= Where AB isthe vector connecting the two given coordinates a, and a2

1
= dis the simplified vectorin the direction of d1 and d2

= Thisisnot giveninthe formula booklet
How do we find the shortest distance from a given point on aline to another line?

= The shortest distance from any point on aline to anotherline will be the perpendicular distance from
the point to theline

= |fthe angle between the two lines is known or can be found thenright-angled trigonometry can be
used to find the perpendicular distance

|X£)3xd|
|d|

= Alternatively, the equation of the line can be used to find a general coordinate and the steps above can
be followed to find the shortest distance

= Theformula given above is derived using this method and can be used

How do we find the shortest distance between two skew lines?

= Two skew lines are not parallel but will neverintersect
= The shortest distance between two skew lines will be perpendicular to both of the lines
= Thiswill be at the point where the two lines pass each other with the perpendicular distance where
the point of intersection would be
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= The vector product of the two direction vectors can be used to find a vectorin the direction of the /
shortest distance
= The shortest distance will be a vector parallel to the vector product Your notes

= Tofind the shortest distance between two skew lines with equations T = a, +/ld1 andr= a, +,ud2,
= STEPT: Find the vector product of the direction vectors d1 and d2
n == X
d=d xd,
» STEP 2:Find the vectorin the direction of the line between the two general points on 11 and ]2 in

termsof A andy

—_—
« AB=Db - a
= STEP 3: Setthe two vectors parallel to each other
e
- kd = AB

= STEP 4: Setup and solve a system of linear equations in the three unknowns, k, A and M

SKEW LINES PASS EACH L,
OTHER BUT DON’T MEET

THE TWO GIVEN POINTS ON
THE LINES CAN BE USED TO
FIND A GENERAL EXPRESSION
FOR THE DISTANCE

THE VECTOR PRODUCT OF L, AND L,
> WILL BE PARALLEL TO THE MINIMUM
DISTANCE BETWEEN THEM

SHORTEST
DISTANCE (S)

O Examiner Tip

= Exam questions will often ask for the shortest, or minimum, distance within vector questions
= |fyou’re unsure start by sketching a quick diagram
= Sometimes calculus can be used, however usually vector methods are required
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@ Worked example

Consider the skew lines ]1 and 12 as defined by:
6 2
11:1'= -4 [+ 1] -3
\3 /) \4)

-5 -1
]2:1'= 4 +u 2
-8 1

Find the minimum distance between the two lines.
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Find the vector product of the direction veckors.

( 2) (—|> ((—3)(1)- (4)(?-)> (-II>
3 ) X2 ) =l@WeED-@)() ) =(-6
b ! (2)(2)-C3)(-1) |

Find bthe veckor in Uhe direckion of Eee line lbelween
the. amrok Coordinates.

—B> =B b+24 -ll-m-22
el S T I A T TN
=R 3+ 44 -l A -G
A point on L2 A point on |,
-1
l-n-22 _k/mN A s porollel i:o(—&)
g+21 +32 | | -6 ~\ \!
S+ -4, | S"A_B’:k('f)

Sek up ond solve a sasl-.un of ec‘,mhms

Ik - 2/1'_}* = Solve u.si/ﬂ GDC:
6|<.+3/'L+2)L=-3 k=3l 1_-238 u=-52

79 79 #
/.&—4;{, -k =1

Substitube back into the expression for AB and find the mogaitude:

o - |- -2C )\ |

79 2 2 F

' 52 _28¢ - _3al)  (1B6) (3L

IR C) o & WEDNE R
52 - 238 3
_II+Q,‘;‘—q —‘P(;q 79

Shortest distance = 493 units (3s.£.)
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